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We study Hilbert spaces expanded with a unitary operator with a countable spectrum. We show that the theory
of such a structure is w-stable and admits quantifier elimination.
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1 Introduction

This paper deals with the expansion of a Hilbert space with a unitary operator with a countable spectrum from
the perspective of continuous logic (for an introduction to this subject see [4]). We study the model-theoretic pro-
perties of such a structure in terms of the spectrum of the operator. In other words, our goal here is to study the
relation between Model Theory and Spectral Theory when the spectrum of the operator involved is countable.
The main results are the following theorems.

Theorem 1.1 Let U be a unitary operator with pure point spectrum in a Hilbert space H. Then the theory
of the structure (H,U) = (H,+,0, (,),U) admits quantifier elimination, is separably categorical (see Defini-
tion 3.18), is w-stable (see Definition 3.20), and the projection into every eigenspace is definable.

Theorem 1.2 Let U be a unitary operator whose spectrum has countably many non-empty accumulation
points.  Then the theory of the structure (H,U) = (H,+,0,(,),U) admits quantifier elimination and is
w-stable. The projection into an eigenspace is definable if and only if the corresponding eigenvalue is an isolated
point in the spectrum.

The theory of the structure (H,+,0, (,),U), where U is a unitary operator, was first studied by Henson and
Tovino in [11], where they observed that it is stable. A geometric characterization of forking in such structures
was first done by Berenstein and Buechler [7] after adding to the structure the projections corresponding to the
Spectral Decomposition Theorem. Ben Yaacov, Usvyatsov, and Zadka characterized the unitary operators which
correspond to generic automorphisms of a Hilbert space as those unitary transformations whose spectrum is the
unit circle S*. In this work we study the definable aspects of the spectral decomposition, we classify the separable
models of the expansions, and we study orthogonality of types when U has a countable spectrum. We also give
a different proof of the characterization of forking given in [7]: we provide an explicit freeness relation and
prove some of its properties which show that it coincides with non-forking, without adding to the structure the
projections corresponding to the spectral decomposition.

The framework for this work is continuous logic, we assume the reader is familiar with notions such as defin-
ability, definable and algebraic closure, and forking. The background can be found in [4, 5]. This paper is divi-
ded as follows. In the second section we give a brief introduction to Spectral Theory. In the third section we stu-
dy the expansions of a Hilbert space with unitary operators with a pure point (finite) spectrum and with a count-
ably infinite spectrum.

* e-mail: c-argoty@uniandes.edu.co
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38 C. Argoty and A. Berenstein: Hilbert spaces expanded with a unitary operator

2 Preliminaries: Spectral Theory
The following section is based on [1] and [12]. Let H = (H,+, 0, {,)) be an infinite-dimensional Hilbert space
over C.
Definition 2.1 Let A be a linear operator from H into . The operator A is called bounded if the set

{[[Au]l : w € H, |lul| =1}
is bounded in R. If A is bounded, we define the norm of A by

[Al = supue juj=1 [Au]-

Definition 2.2 A sequence of linear operators { A, } ne., converges uniformly to an operator A if

limy o |4 — Ap|| = 0.

Definition 2.3 Given a linear operator A : H — H, its adjoint operator, denoted by A*, is the linear opera-
tor A* : H — H such that for every u,v € H, (Au,v) = (u, A*v).

Definition 2.4 A linear operator A : H — H is called self-adjoint if A = A*.
Definition 2.5 Let A be a linear operator from H to H. A is called normal if A commutes with its adjoint A*.

Definition 2.6 Given a normal operator A, a complex number A is called an eigenvalue or punctual spectral
value of A if the operator A — AI is not one-to-one. A complex number A is called a continuous spectral value if
the operator A — \I is one-to-one and the operator (A — A\I)~! is densely defined but is unbounded.

Fact 2.7 [1, Theorem 1, Section 93] A point r belongs to the continuous spectrum of an operator A if and
only if there is an orthonormal sequence of elements (f, : n € w) such that lim,_(Af, —rf,) = 0.

Definition 2.8 The spectrum of an operator A, denoted by o(A), is the set of the punctual and continuous
spectral values.

It is well-known that if A is a bounded normal operator, then o(A) is a bounded subset of C, and that if A is
self-adjoint, then o(A) is a subset of R.

Definition 2.9 A self-adjoint operator A different from the zero operator is said to be positive, written A > 0,
if (Au,u) > 0 forall u € H. If A and B are self-adjoint operators, we write A > B if A — B is positive.

Proposition 2.10 For a self-adjoint operator A, A? is positive.
Proof. Clear. 0

Definition 2.11 A self-adjoint operator Q is a square root of a positive self-adjoint operator A if Q* = A.

Fact 2.12 [12, Theorem 1, Section 36] Let A be a self-adjoint operator and let E be the projection of 'H
onto the null-space of the operator A — Q, where Q is the positive square root of A2. Then the following hold:

1. Any bounded operator R that commutes with A commutes with E_ .

2. AEL >0, A(I - E;) <.

Fact 2.13 [12, Theorem 2, Section 36] Let A be a bounded self-adjoint operator, let r be a real number, and

let E (1) be the projection operator constructed for A, = A — rI according to Fact 2.12. If we denote by E,.
the projection operator I — E (1), then the family { E,.},.cr satisfies the following conditions:

1. Any bounded operator R that commutes with A commutes with E,..

2. E. < Ejifr <s.

3. E, is continuous on the left: US<T E,=F,.

4. E. =0for —co <r <mand E,. = I for M < r < oo, where m = inf(c(A)) and M = sup(c(A)).

Definition 2.14 The family {E, }, ¢}, a1, Where 0(A) C [m, M], is called the resolution of the identity ge-
nerated by A.

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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Fact 2.15 [12, Spectral Decomposition Theorem, Section 35] Let A be a bounded self-adjoint operator. Then

foreverye >0, A= fm tey dFE,., where the integral is to be interpreted as limit of finite sums in the sense of

uniform convergence in the space of operators, and m = inf(c(A)) and M = sup(c(A)).

Let A be as above. The Spectral Decomposition Theorem can be interpreted in the following way: givene > 0
and § > O there is NV such that for any partition

m=rg<sg=r1<s1=r9<---<syN=MH+¢

with max{sy — ri} < 2(M +¢)/N, if we write E(A},) for E, — E,,, we have ||A — Z}ICV:1 reE(Ag)]] <.
Definition 2.16 Let A be a normal operator. The real and imaginary parts of A are the operators
1 1
A = §(A+A*) and A; = §(A — A").
Fact 2.17 The real and imaginary parts A, and A; of a normal operator A are self-adjoint.

Proof. Foru,v € H,
(Aru,v) = <§(A+A Yu,v) = {(u, §(A + A" ) = (u, §(A+A o) = (u, Arv).
Similarly for A4;. O
Corollary 2.18 If A is a normal operator, then A, and A; have integral representations
A= [VsdE, and A = ['tdF,

where E F; = F,E;, and we can write A = [ [(s + it)dE,dF,.

Definition 2.19 A normal operator U on H is said to be unitary if U is a bijection and (Uu, Uv) = (u, v) for
any u,v € H.

Fact 2.20 [1, Section 71] Let U be a unitary operator. Then there exists a unique resolution of the identity
{E, : v €10,27]} such that U* = fozw ekt dE, forall k € 7.

We want to know if we can recover the resolution of the identity {E, : r € o(A)} from A.

Theorem 2.21 [2, Theorem 2.6.3] Let N be a normal operator on 'H, let B(o(N)) be the algebra of Borel
Sunctions from o(N) into the complex numbers, and let B(H) be the algebra of linear operators on H. Then
there exists an isometric monomorphism w : B(o(N)) — B(H) such that ©(f) = (7(f)*), n(1) = I, and if
=% a;;2'20, then w(f) = >, > a;; N*(N*)?, where by 1 we denote the constant function on o(N)
with value 1.

Fact 2.22 Let A be a self-adjoint operator on H. Let m = inf{o(A)} and M = sup(c(A)), and let f be the
Sunction on [m, M| such that f(z) =0 ifx < 0and f(x) =1ifx > 0. Then f is approximated in measure by
polynomials.

Proof. This function clearly belongs to L?[m, M| and the polynomials are dense in L?[m, M], so the con-
clusion follows. O

Theorem 2.23 Let A be a self-adjoint operator, and let E be the projection of 'H onto the null-space of the
operator A — Q, where Q is the positive square root of A%. Then E. is approximated by operators having the
form g(A), where g is a polynomial.

Proof. Forany v € H we have

Ey(v) = [ g(r)dE,(v),

where g is the function defined in Fact 2.22. But by Fact 2.22, g(x) can be approximated in measure by a sequence
of polynomials Py (). This implies that E; can also be approximated punctually by the sequence Py (A) of poly-
nomials in A, this is P (A)(v) converges to E (v) for every v. O

www.mlg-journal.org © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



40 C. Argoty and A. Berenstein: Hilbert spaces expanded with a unitary operator

It is important to note that for a self-adjoint operator A on a Hilbert space H, E is the limit of a sequence of
polynomials in A, but the sequence does not converge uniformly. That is, given a unit vector v € H, E (v) can
be approximated by polynomials in A(v), but the rate of convergence depends on v.

Definition 2.24 The essential spectrum o.(U) of a linear operator U is the set of accumulation points of the
spectrum of U together with the set of eigenvalues of infinite multiplicity. The finite spectrum o, (U) of a linear
operator U, the complement of o, (U), is the set of isolated points of the spectrum of U of finite multiplicity.

3 Unitary operators

We begin this section by characterizing the theory of the expansion of a Hilbert space with a unitary operator in
terms of the spectrum of the operator using an instance of a result by C. Ward Henson.

Theorem 3.1 Let A and B be two bounded normal operators on Hilbert spaces H 4, Hp, respectively. Then
the structures (Ha,+,0,(,), A) and (Hp,+,0,{(,), B) are elementarily equivalent if and only if

1. 0.(A) = 00(B),

2. dim{z € Hy : Az =Xz} =dim{x € Hg : Bz = Az} for A € C\ 0e(A).

We will provide a proof for the result when the operators involved have a countable spectrum and are unitary.
Henson’s original proof (unpublished), based on a theorem by Voiculescu (see [10]), yields stronger information
than our proof, in particular, it shows that the theory Th(7, A) is separably categorical up to perturbations of the
operator.

We follow the standard way of dealing with Hilbert spaces, we write the structure as (H, +,0, (,)), and we
work inside the unit ball. We denote by L the language of Hilbert spaces and by Ly the language of Hilbert spaces
with a new unary function, which we denote as U. Whenever we quantify over / we mean we are quantifying
over its unit ball.

Notation 3.2 For A € o(U), we denote by H) the set {x € H : Ux = Az}, by P) the projection operator
onto the space H .

Theorem 3.3 Let U, and Ug be two unitary operators with countable spectrum on a Hilbert space H. Then
the structures (Ha,+,0,(,),Ux) and (Hg,+,0,(,), Up) are elementarily equivalent if and only if

1. CTC(UA) = O'C(UB),

2. dim{z € Hy : Ugzr = Az} =dim{x € Hp : Upx = Az} for A € S1\ 0. (Ua).

Proof.

(=) We will show that the conditions A € 0¢(U4) and dim{x € Hy : Ugx = Az} = m can be expressed as
a set of statements in continuous logic. We may assume the structures are separable and we will write H instead
of Ha, Hp. Assume that the structures (H,+,0,(,),U4) and (H,+,0,(,),Up) are elementarily equivalent.
Let o be the spectrum of U 4 and let o be the spectrum of Up. For every pu € S* \ o4, letp = d(p, ). Then
the statement sup,, (n||u|| = ||[Uw — pul|) = 0 is true for (H,+,0, (, ), U4) and thus true for (H,+,0,(,),Up).
Therefore o2 C o, In a similar way we can show that o* C o2, For every \ € ag‘n whose eigenspace is of
dimension m), we have that the statement

Infu s, WAz ([(ui, ug)], [ lwill = 1], [Uu; — Augl) = 0

is valid in (H,+, 0, (, ), Ua). Thus the same statement is true for (H, +, 0, {, ), Up). From this condition and the
fact that ) is an isolated point in the spectrum it easily follows that

dim{x € H : Usx = Az} < dim{z € H : Upx = Az}.
In a similar way we can prove that
dim{z € H : Ugz = Az} >dim{z € H : Upx = Az}.
Also, for every A € o and every k > 1,
0y s M8 [, )], | = 1], [T — Aesg]) = 0
is true for (H,+,0, (,),U4) and thus also true for (H,+,0, {,), Ug). This implies that 0! = o'Z.

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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(<) Conversely, assume that
o =08 and dim{z € H : Usx = Az} = dim{z € H : Upz = Az} for \ € of..

Let 0, = 0. We will construct a common elementary extension of both structures (H.,U4) and (Hp,Ug).
We may assume, exchanging (H 4,U,4) and (Hp, Up) for elementary superstructures, (H4,U4) and (Hp, Up)
to be Np-saturated. Let

HY = @, H), where H) = {z € Hy : Usz = Az}

Note that H is the domain of a finite-dimensional Hilbert subspace 1} of H 4. Let
Hg,“ = EBAEUﬁD Hg, where Hg‘, ={x € Hp : Uz = Az},

then (Hi", Up) is a substructure of (H, Ug). Then for each A € oqy, (HA,Ua) = (H3, Up), s0
(HA,Ua) = (M, Up).

We denote this common substructure as Hgy,.

Let Ho = Ha ®n,,, Hp, the free amalgamation of H 4 and H p over Hay,, and let U be the induced unitary
map on H¢ determined by U4 and Up. We will prove that (H4,Us) = (He,Ue) and (Hp,Up) <X (He, Ue).
From this we get that the structures (H 4, +,0, (,),U4) and (Hp, +,0, {,), Up) are elementarily equivalent.

Claim 3.3.1 (HA, UA) = (7‘[07 Ue).
We use the Tarski-Vaught test. Let ¢(z1,...,2,,y) be a formula and let @ = (aq,...,a,) € HY. Assume
that inf{¢("<-V) (ay, ... a,,b) : b€ Hc} =randlete > 0. Let b € He be such that

plat,...,an,b) —1r <e.

We may write b = bs + d, where by = Py, (b),s0d L Ha.
There exist k > 1 and an L-formula (211, ..., Zn1,Y1; -+ ; L1k, - - - » Tnk, Yk ) such that

(He,Uc) E sup,, ...sup, sup, [@(21,...,2n,y)
- w(xla sy Ty Y Uk(xl)’ ey Uk(xk)? Uk(y))‘ =0.

Itis clear thatd € D, . HP sod= > aeo, PA(d). Note that Py(d) L Hy,so Py(d) L P(a;) foreachi < n.
Since (Ha, Ua) is Ro-saturated, dim(H?}) = oo for each A € o, so there exists ¢y € H? such that

lexll = [IPA(@)] and e L Px(a1), ..., Pa(an), Px(ba).

Letc=) ., cxandletd =ba + c. Then

tp(c,...,U"(c)/{a,U(a),...,U"(a),ba}) = tp(d,..., U*(d)/{a,U(a),...,U"(a),ba}),

sotp(b,...,U*b)/{a,U(a),...,Uk@)}) = tp(t/,...,U*®)/{a,U(a),...,U*@)}), so
V(a, ... an,b, ..., U"a1),..., U (ap), UM (D) = ¢(ay,...,an, b, ..., U (a1),...,Ur(ay), U (V)

and

olat,...,an,b') —r<e.
Since € was arbitrary we get

inf{pMe:Ue) (ay, ... a,,b) : b€ Ho} =r = inf{pMeU) (ay, ... a,, V) : b € Ha}.
Thus the Tarski-Vaught test holds and (H 4, A) = (H¢, C), as we wanted. O

The previous theorem is proved in [6] when 04 = ¢4 = S

www.mlg-journal.org © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



42 C. Argoty and A. Berenstein: Hilbert spaces expanded with a unitary operator

Let U be a unitary operator in a separable Hilbert space H and o be the corresponding spectrum. The previous
result says that the theory of the structure (H,U) = (H,+,0, (, ), U) determines the dimension of the eigenspace
corresponding to the isolated points of the spectrum. We strengthen this observation by showing the definability
of these eigenspaces.

Notation 3.4 For A\ € o, we denote by B, the unit ball in the space H .

Recall that a closed set D C H is definable if the function dist(z, D) is a definable predicate. We will use the
following characterization of definable sets and functions.

Fact 3.5 [4, Proposition 9.18] Let D C H be closed. Then D is definable in (H,U) if and only if there is a
definable predicate P : H™ — [0, 1] such that

P(z) =0forallx € D and Vedo(Vx € H")(P(z) < = d(z,D) < e¢).

Fact 3.6 [4, Proposition 9.22] Let (H',U’) be k-saturated, where  is uncountable. Let A C H' have cardi-
nality < k. Let f : H'" — H' be any function, and let G¢ be its graph. Then the following are equivalent:

1. f is definable in (H',U") over A.
2. Gy is type-definable in (H',U") over A.

Lemma 3.7 Let \ € o be isolated, let x = d(\, 0\ {\}), and letu € H. If ||Uu — Au|| < ¢, then
5
u— Py(u)|| < —.
lu = Pr(ll < £

Proof. Let \ € o be isolated and let u € H. Then
Uu—Nu=73" c, en (A= A)Pi(u)
and
10w = Nul|? = 35 conn [A = N2 [ Pa()]2.
We have [ — N'|* > x? for all A € o such that A # X, If [[Uu — Nu[* < e, x* X5, v [PA(W)]? < €2,
2

3
so that [Ju — Py (u)[* = [| X xeqaen Pa(w)[* < =z =

Theorem 3.8 For every isolated \ € o the subspace H) is definable.

Proof. By Lemma 3.7, we have that if |[Uu — Au|| — 0, then d(u, H)) — 0 uniformly on H. By Fact 3.5,
‘H, is definable. O

For general \ € o, we have a weaker result.

Theorem 3.9 For every \ € o the subspace H ), is a zero-set.
Proof. H, is the set of solutions of the statement ||Uv — A\v|| = 0. O

We will later show (Corollary 3.27) that for A € ¢ non-isolated, ) is not definable.
Theorem 3.10 For every isolated ) the projection Py is definable.

Proof. We workin (H',U’) = (H,U), an X;-saturated elementary extension of (*, U). By Fact 3.6, it suf-
fices to show that Gp, is type-definable. Consider the formula

p(u,v) = [Uv = M| + sup,cp, [(v = u, z)[*.
Then p(u,v) = 0 if and only if v = Py (u). O

Finally we use Theorem 3.3 to give an explicit axiomatization of the theory of the structure (H,+,0, {,),U).

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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We write 0 = og, U 0, and for each A € og,, let m, be the dimension of H . Let T, be the theory of Hilbert
spaces together with the following statements:

1. sup,, sup,, |{u,v) — (Uu, Uv)| = 0.

2. sup,, inf,, ||lu — Uv|| = 0.

3. (Schema)
(a) Forn € Nand X € o, infy, u,,...u, maxiz;(|(uwi, u)|, |||Juil| — 1], [Uu; — Au;|) = 0.
(b) For A € ogn, x =d(M\, 0\ {A\}),and 0 < e < 1,

infulau2w~~7u1n)\ sup,, maxi#j(“““ uj>‘7 HluZ” - 1|7 |Uui - )‘ui|=
3
= Uv = Moll, v = 3252, (v, waus ]| = =0

4. (Schema) For 1 € S'\ o and n = d(u, o), sup,, (n|u|| = |[Uu — pul|) = 0.
Proposition 3.11 The theory T, axiomatizes Th(H,+,0, (,), U).

Proof. Clearly the statements 1., 2., 3.(a), 4. hold for (H,+,0, {, ), U). By Lemma 3.7 the statements 3.(b)
are true for (H,+,0, (,),U). Now assume (H, +,0, (, ), A) satisfies the axioms above. The first two axioms say
that A is an inner product preserving linear maps from H onto H and thus is a unitary operator. The fourth axiom
says that the spectrum o of A is contained in ¢. Finally by the third axiom,

o =0, and dim{z € H : Az =z} =dim{z € H : Uz = Az} for A € 02\ 0.

By Theorem 3.3 we get Th(H, +,0, (,),U) = Th(H, +,0, (,), A). O

It is important to note that U* is quantifier-free definable in terms of U. Let (H, U) be an X, -saturated model
of T, and let

P(z,y) = [[U*z — y|?
=({U*z —y,U*z —y)
= |U*z|* = (U*=z,y) — (y, U*z) + ||y|]?
= [|Uz|]?* = (z,Uy) — (Uy, z) + [ly[|*.

If P(xz,y) — 0, then d(U*z,y) — 0.

Our next goal is to study the separable models of Th(H,+,0,(,),U) and to understand the space of types
over (). This analysis depends heavily on the properties of the spectrum ¢ of U and we divide our work accor-
dingly.

3.1 Finite spectrum

Let U be a unitary operator with a pure point spectrum. In this subsection we will study the model theory of the
structure (H,0,+, (,), U), characterizing the definable closure, the algebraic closure, and properties of the space
of types. We write o for the spectrum of U.

Theorem 3.12 All the projections Py, A € o, can be expressed as polynomials in U.

Proof. Letoc = {\1,..., Ay }. Thenu =Y ;_, Py, (u) foreachu € H and U™ (u) = >, _; A" Py, (u) for
each m € N. So

u 1 1 e 1 Py, (u)
U(u) A1 Aa Ay Py, (u)
U (u) AN NTE e T AP ()

www.mlg-journal.org © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



44 C. Argoty and A. Berenstein: Hilbert spaces expanded with a unitary operator

The matrix
1 1 - 1
A Ao o A
)\71171 )\;7,71 . )\271

is the Vandermonde matrix, whose determinant is (—1)"II;;(A; — A;) # 0. This implies

-1

Py, (u) 1 1 e 1 u
P,\2 (U) )\1 )\2 e /\n U(’LL)
Py, (u) ATE T ) U () O

Corollary 3.13 For each )\ € o, the projection Py is definable.
Proof. Clear. 0
Notice that the previous corollary was already known by Theorem 3.10.

Theorem 3.14 The structure (H,0,+, (,),U) admits quantifier elimination. Furthermore, the type tp(a) is
fora = (ai,...,a,) € H" determined by the values of (Py(ay), Px(a;)) for A € o and k,l < n.

Proof. Leta = (ay,...,an),b= (b1,...,b,) € H". Let us write qftp(ai, ..., a,) for the set of quantifi-
er-free statements valid for a4, . .., a, € H. We will show that qftp(a, ..., a,) determines tp(ay, ..., a,). As-

sume that qftp(a) = qftp(b). Then, by Theorem 3.12,

(Pr(ak), Pa(ar)) = (Px(bk), Px(bi))

for A€ cand k,l=1,...,n. Let A\ € 0. We can assume without loss of generality that there exists 0 < k < n
such that the set {Px(a1),..., Px(ar)} is linearly independent and the elements of {Py(ak+1),-- ., Pr(an)}
can be expressed as linear combinations of the elements of {Py(ay1),. .., Px(ax)}. Because qftp(a) = qftp(b)
we have that the set {Py(b1), ..., Px(bg)} is linearly independent and the elements of { Py (bx+1),-.., Px(bn)}
can be expressed in terms of the elements of { Py (b1), ..., Px(bx)} with exactly the same linear combinations as
before.

For each \ € o, let B7 be an orthonormal basis of Hy N {Py(a1),..., Px(ax)}* and let B3 be an ortho-

normal basis of Hy N {Py(by), ..., Px(b,)}+. Then

aftp(Px(a1), ..., Px(an), BY) = aftp(P(b1), ..., Px(b,), By).

For each X\ € o, let f) : H)x — H, be the linear transformation generated by the map that sends P (ay) in-

to Py (bg) for k = 1,...,n and is a bijection between B7 and B3.
Recall that
H =B, co Ha

Let f : H — H be the automorphism induced by the family (fx : A € ). (We can write u € H as ), unx,

where uy = Py(u). Then f(3" o, ur) = Xy, fa(ur).) Itis clear that f(a) = band f(U(c)) = U(f(c)) for
any ¢ € H, so f is an automorphism of the structure (#, U). This implies tp(a) = tp(b). O

Lemma 3.15 Let A C H. Then dcl(A) is the closed Hilbert space generated by {Px(a) : a € A,\ € o}

Proof. Let A be a subset of H and F be the closed vector space generated by {Py(a) : a € A, X € ¢}.
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We first show that £ C dcl(A). Let b € E. Then there exist a sequence (¢, \ : n € w, A € o) of complex
numbers and a sequence (a,, ) : 7 € w, A € o) of elements of A such that b = ZZOZO,)\EO' ¢k Pa(ak,»). Thus

(Ve > 0)3IN(Vn = N)(|[b = 25— reo ckAPA(ar )| < ).
Let R(z) = || — b|| and ¢, (z) = ||z — ZZ:O,)\GJ ¢k Pr(ag,»)||- Then
(Ve > 0)AN(Vn > N)Vz(|R(z) — pn(z)] < €)

and {b} is definable over A.
Let b ¢ E, then for some \g € o, Py, (b) ¢ E. Since there are infinitely many vectors in Hy, N E+ with
norm || Py, (b — Pg(b))||, there are infinitely many realizations of tp(b/A) and therefore b ¢ dcl(A). O

Lemma 3.16 Let A C H. Then acl(A) is the closed Hilbert space generated by the union of dcl(A) with all
the finite-dimensional subspaces Hy with A € ogy,.

Proof. Every ball B) for A € oy, is algebraic over () because the closed unit ball of a finite-dimensional
space is compact. Therefore dcl(A) UJy¢,,. Hx € acl(A). Conversely, let E be the closure of the space ge-
nerated by dcl(A) and U, ., Hx. Ifb & E, then Py, (b) — Py, (Pg(b)) # 0 for some Ao € o.. Without loss of
generality the dimension of H, N dcl(A)~ is infinite and the set {8’ € H : tp(b'/A) = tp(b/A)} is unbounded,
thus b ¢ acl(A). O

Proposition 3.17 Let p,q € S1(0) and let a = p, b E q. Then d(p, q \/Z)\EU ([[Px(a)]| — ||PA(D)]])2.

Proof.
“>” Ttis easy to see that

la = bll = /Tlal? = 2(a, ) + oI
= @w IPA@)II = 2(Pr(a), PA(B)) + [ PA(B)]?)
> \/Ereo (IPA@)12 = 2 Pr(@)] - [PA®) [ + [ PAG)[2)
= /S (IR@] - PO

Thus

d(p,q) = inf{[a" = ¥'[| : HEp(a') and H E q(V')} > \/EA@,(HPA(G)H = [PA@)[)?.
“<” Let a’, b be such that tp(a) = tp(a’) and tp(b) = tp(b'). Then
IPa(@)] = [[Px(a’)|| and [ PA®)I] = [|PA(0)]]

for A € o, but the inner products (Py(a’), P» (b)) depend on the choice of a’ and b’. We may choose a’ and b’
such that for each A € o, (Py(a’), Px(b')) = ||Px(a’)] - [|PA(V/)]|- Then

d(p,q) = inf{lla = bl : HF p(a) and H F q(b)}
< la" =¥
= Va2 = 2(a",v) + [[b'[|2

= /Eaea (IPA@)]2 = 2Py (@), PAW)) + | PAW)]2)
= /Eaco (IPA@)[2 = 20 PA@) | - [ P () | + [ PA(V)]2)
= /S IB @] = PG O
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Definition 3.18 Recall that the theory of a metric structure M is said to be separably categorical if when-
ever N1, Na E Th(M) are separable we have N7 = No.

Lemma 3.19 The theory T, is separably categorical.

Proof. Let (H',U’) and (H"”,U") be separable models of T,. Then for each \ € o, dim(H}) = dim(HY)
(which is either finite or Xy). Hence, for every A € o, H\ = HY, and thus (H',U’) = (H",U"). O

One could also prove the previous lemma using Proposition 3.17. It is clear that the formula presented in Pro-
position 3.17 is definable and thus the logic topology and the distance topology agree on the space of types and
by [4, Theorem 12.4], T}, is separably categorical.

Definition 3.20 The theory of a metric structure M is called w-stable if for any N/ Th(M) and A C N
countable, S(A) is separable.

Theorem 3.21 The theory T, is w-stable.

Proof. Let H E T, be separable and let A C H be a countable set. Let A be the algebraic closure of A and
write

H=A+ A =@, Hy.

For A € oo, let H)\ be a separable Hilbert space such that Hx N Hy = {0} and H' = H & D, H). We de-
fine, for every v € H}, U (v) = Av, and let U’ be the unitary map on H’ induced by U and U5, A € oe. Then
(H',U") E T, and dim(H} N A1) = oo for each A € o.. In particular, by Theorem 3.14, (H’,U’) realizes all
types over A, so we can work inside the structure (H', U’). Since (H', U’) is separable, so is S(A). O

3.2 Countably infinite spectrum

Our next step is to consider a unitary operator U with countable spectrum o. We write o = 0, U o, where o; are
the isolated points of the spectrum and o, are the non-isolated points of the spectrum.
Theorem 3.22 The following properties are true:

1. The theory T, admits quantifier elimination. Furthermore, for any a = (a1, ...,a,) € H", the type tp(a)
is determined by the values (Py(ay), Px(a;)) for A € o, j, k < n.

2. T, is w-stable.

Proof.

1. It follows from the fact that U* is quantifier-free definable in terms of U that (U + U*)/2 and (U — U*)/2
are quantifier-free definable. Applying Theorem 2.23 for any v € H and X\ € o, P)(v) is in the quantifier-free
definable closure of v. The rest of the proof follows as in Theorem 3.14.

2. We can proceed as in Theorem 3.21. O

Proposition 3.23 Let p,q € S1(0) and let a E p, b q. Then d(p,q) = \/Z,\EU(HPA(G)” —|1Px (D)2
Proof. Similar to Proposition 3.17. 0
Theorem 3.24 The principal types in S1(0) are the ones of elements a € H with P\(a) = 0 for A € ..

Proof. We can build a structure (H',0,+, (, ), U’) which is elementarily equivalent to (H, 0, +, (,), U) such
that Hy = 0 for all A\ € o,. In this structure the types of elements a such that Py(a) # 0 for some ) € o, are
omitted.

Conversely, assume that a is such that Py(a) = 0 for all A € o, and let (H’,0,+, {,),U’) be a model of 7.
By Theorem 3.10 the projections Py are definable for every isolated A € ¢ and thus H} # 0. Let a, € H} be
such that [[a}[| = |[Px(a)|| foreach A € o3 and leta’ =}, a). Thena’ € H' and tp(a) = tp(a’). O

One could also use Proposition 3.23 to prove the previous theorem.
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Corollary 3.25 The atomic models of T, are the models in which the accumulation points of the spectrum
are not eigenvalues.

Corollary 3.26 The Ng-saturated models of T, are the ones in which the accumulation points of the spectrum
are eigenvalues whose eigenspace is infinite-dimensional.

Corollary 3.27 For A\ € o,, the set Hy is not definable and the function Py is not definable.

Proof. Assume, in order to get a contradiction, that H is definable. In an Ny-saturated structure the state-
ment inf ¢z, (|lu]| — 1)? = 0 is true. Thus in the prime model this property also holds and there exists a vector
of norm 1 in M, a contradiction. Assume now that Py is definable. Then ||« — Py(z)|| measures the distance
from « into H(z) and thus H) is definable, a contradiction. O

Theorem 3.28 If o, is finite, then T, has Xy non-isomorphic separable models. If o, is infinite, T, has 22
non-isomorphic separable models.

Proof. LetH and ' be separable models of T,,. We can write H = D, ¢, o, Ha and H' = D ... HA-
For \ € o5, Hy = H), so the only difference between H and H’ can come from the spaces H and H), for A € o,.
For such A, the spaces H and ), are isomorphic if and only if dim(H,) = dim(H}).

Assume first that o, is a finite non-empty set. So there is exactly one model up to isomorphism for every pos-
sible dimension of H ), for A € o,. Thus there are Xy non-isomorphic separable models of the theory 7. On the
other hand, if ¢, is an infinite countable set, there are 2%° non-isomorphic separable models of 7. O

3.3 Forking

We fix a countable spectrum o and a structure (H, U) E T, which is k-saturated and strongly x-homogeneous
for some uncountable inaccessible cardinal k. We say A C H is small if |A| < k.

Definition 3.29

1. Leta = (a1,...,a,) € H™, let B,C C H be small, let BUC = acl(BUC) and C = acl(C). We say
that a is *-independent from B over C and we write a L*C B if Pg5s (Pa(ai)) = Pa(P(a;)) fori=1,....,m
and A € 0.

2. For A, B,C C H small we write A J/*C B if and only if for all finite subsets a of A, we have that a J/Z B.

Lemma 3.30 Let B be an algebraically closed small set in (H,U). Then for every A € o and foreverya € H,
P\(Pp(a)) = Pp(Px(a)).

Proof. We first need the following claim.
Claim 3.30.1 Pg and U commute.

Proof. Leta € H. We can write a = ap + ap., where agp = Pg(a) and ag1. = a — ap. Then
U(a) =Ulap)+ Ulagz).

For any b € B, U(b),U*(b) € B. Thus (b,U(ap+)) = (U*(b),agr) = 0. This implies that U(ap) € B and
U(ag.) € Bt. Thus Pp(U(a)) = Pp(U(ap) + U(ap.)) = U(ap) and thus Pp(U(a)) = U(Pg(a)). O

The result follows from Fact 2.13 part 1. O

Notation 3.31 For A C H small, we write A for acl(A).
Corollary 3.32 Leta = (ay,...,an) € H™and let B,C C H be small. Then

decB ifand only if Pgzoe(ai) = Pa(a;) fori=1,...,m.

Proof. Assume first that @ J/*C B, then P55 (Pa(ai)) = Pa(Px(a;)) for any i < m. By Lemma 3.30 we

get P\ (Pzoe (ai)) = Px(Pg(a;)) for all A and thus P5o¢ (i) = Pe(as).
The converse is proved in a similar way. O
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Proposition 3.33 Leta = (a1,...,a,) € H", b= (by,...,by) € H™ and let C C H be small. Then
&\JJ;E if and only if P,\(ak)J/ZPA(bj)fork =1,...,n,5=1,...,m,and \ € o.

Proof. If&LZ b, then Po w00 (Px(a;)) = Pa(Px(a;)) foreveryi=1,...,nand A € 0. For A € ¢
and j = 1,...,m we have that C C C U {Py(b;)} CCU{b;} CCU{b1,...,by},s0foreveryi=1,...,n,
Prworoe (Palai) = Pe(Pa(as)).

Conversely, let Py 53056 (Pa(ar)) = Ps(Pr(ag)) forall A€ o, k=1,...,n,and j =1,...,m. We fix
A € o and write Py(ax) = Pa(Pa(ak)) + Pao (Pa(ag)). Since PW (Px(ar)) = Pz(Py(ar)) for ev-
ery j=1,...,m, then Ps.(Px(ag)) L P\(b;) and Pg. (Pr(ag)) L CU{Px(b;)} for every j =1,...,m.
Thus PC'L (P)\(ak)) 1L Cu {P)\(bl), ey P)\(bm)}, and PCU{PA(bl),...,PA(bm)} (P)\(ak)) = P@(P)\(ak)). Since
Pesmi o (Px(ar)) belongs to the closed space H,, we also get

PCU{P)\(bl);n',P/\(b'm)} (Pr(ar)) = PCU{bl,...,bm} (Pa(ax)).
So Pasgrond (Pr(a;)) = Pa(Px(a;)) for any A € o and therefore a J/Z b. O

Lemma 3.34 Let C C H be algebraically closed and let a = (ay,...,a,) € H", b= (by...,b,) € H™.
Then

dJ/Zj) ifand only if Py(ar) — Ps(Pa(ar)) L Pa(bj)fork=1,...,n,j=1,...,m, and X € 0.

Proof. Given two tuples @ = (ay, ..., a,) and b = (b, ...,b,,), by Proposition 3.33, ELLZI_) if and only
if Py(ax) \LZ Py(bj) fork=1,...,n,j=1,...,m,and X € o. This happens if and only if

PW(P)\(ak)):P@(P,\(ak))fork;:1,...,n,j:1,...,m,and/\60.

Finally, P (P,\(ak)) = P@(PA(ak)) if and only if P/\(ak) — P@(P)\(ak)) L P,\(bj). O

CU{Px(b;)}

Theorem 3.35 The relation J/* satisfies the following properties: finite character, local character, transitivity,
symmetry, invariance, existence, and stationarity.

Proof. We prove all the properties.
1. Finite character: We show that @ J/; Bif and only if @ J/Z By for all finite By C B. First of all, if @ LZ B
and B’ C B, thena J/Z‘ B'. Ifdjf:; B, then P55 (ar) # Pg(ay) forsome k =1,...,n. Let

b= Ppye (ax) — Pel(ar).
Then there exist by, ...,b € B,c1,...,¢ € Co A1, .y Ngm € 0, and a1, ..., ap, B1, . .., B € C such that
l m
b= k= @ P, (br) = 22521 B Pa (e5)] < [|bl]/2.
Let BO = {bl, ey bl}, then d&é Bo.
2. Local character: For every a and B there exists a sequence (d,, : n € w) such that d,, — Pz(a) and

dn = alnP)\ln (bln) 4+ -4+ aknnp/\knn(bknn)7 where bij S B, )‘ij € o, and Qj e C.

Let By = {b;; : i < j,j € w}. Then By C Bis countableanda | . B.
0

3. Transitivity of independence: Let A C B C C' C H be small and let @ = (ay,...,a,). If EL\L; C, then
Ps(ay) = Piag) fork=1,...,n. So Pa(ai) = Pg(ar) = Ps(ag) for k=1,...,n and therefore &\L*B C

and a J;;‘ B. The converse is proved in a similar way.
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4. Symmetry: It enough to show that for any tuples @ = (ay, ..., a,) and b= (by,...,by) and small sets C,
a J/Z b if and only if b J/Z‘ a.Let A € 0,k <n,and j < m, we can write

Py(ax) = Px(af) + Pa(ak.) and Py(bj) = PA(b )—&-PA(b ),

where af, = Pg(ax), ak, = Pao(ag). If@ch b, then, by Lemma 3.34, Py (ay) — Px(af) L Px(b;), and then

(Pr(ak.), PA(b )+PA(b L)) =0.
So
(Pr(ag.), PA(bL)) + (Pa(ag. ), Pa(b5.)) = 0.

By Lemma 3.30, (Px(af.), P (b7 )) =0, 50 (Px(af.), PA(bjéL» = 0. On the other hand, by Lemma 3.30,
(Pr(a), PA(bL.)) = O 50 (Px(ax), PA(b5.)) = 0. Thus we have (Py(ax), PA(b;) — Py(b})) = 0 and there-
fore Py(ar) L Pr(bj) — Px(Ps(b;)). By Lemma 3.34, this implies that b LZ a which completes the proof.

5. Invariance: For every u,v € H and f € Aut(H), (u,v) = (f(u), f(v)). Leta = (ay,...,a,) € H" and
b= (b1,...,by) € H™. Then

dJ“*CB if and only if P)\(ak) — P,\(P@(a;c)) 1 P)\(bj>,
fork=1,....,.n,j=1,...,m,and A € ¢

ifand only if = Px(f(ar)) — Pa(Prcy(f(ar))) L Pa(f (b)),
fork=1,...,n,j=1,...,m,and X € 0.

6. Existence: Leta = (a1,...,a,) € H"andlet A C H be small. By quantifier elimination, the type tp(a/A)
is determined by P;(Py(ay)) for A € o and the inner products (P (ax), Px(a;)) for k,j <n. Let b€ H"
and let B D A be small. Then tp(b/B) is a free extension of tp(a/A) if and only if tp(b/A) = tp(a/A) and
P5(Py(bi)) = Pi(Px(ag)) forall A € cand k = 1,...,n. Foreach A € o, let

apz. =Py (Pa(ar)) and ap)y = Py(Pi(ax)).

Since B is small, for each A € 0., dim(Hx N B+) = oo, so we can find djy € Hx N B+ with [|ap 5, || = [|d}]].
Letby = Y.y, (a) 5 +dp) andleth = (b, ..., by). Then tp(a/A) = tp(b/A) and Pg(Px(bx)) = Ps(Px(ax))
fork=1,...,n

7. Stationarity: Leta = (ay,...,an),b= (by,...,b,),b = (b},..., b)) € H"andlet A C B C H be small.
Assume that the types of b and b’ over B are free extensions of tp(a/A). Then tp(b/A) = tp(b'/A) and for
every A €candi=1,...,n,

Pp(P(bi)) = Pa(Pa(bi)) = Pa(Pa(b;)) = Pp(Pa(b))-
Thus tp(b/B) = tp(b'/ B). Therefore for every p € S(A), |{tp(a/B) : al,B.pCtp@a/B)} =1 O

Corollary 3.36 The theory T, is stable and *-independence coincides with the notion of independence in-
duced by forking.

Proof. It follows from [4, Theorem 14.14]. O

Observation 3.37 We had shown in Theorem 3.22 that T, is w-stable and thus it has prime models over sets.
Let A C H be small. For each \ € o; such that dim(H,) = oo and dim(Py(A)) < No, let H) be a subspace
of H of dimension Ro. Then A ® €D, H) is the prime model over A of T,.

It also follows from w-stability that for every infinite cardinal u, T}, has a p-saturated model of dimension L.
Indeed, for each \ € o., let H'\ be a subspace of Hy of dimension . Then @ H'\, E T, has dimension i and it
is saturated.
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Definition 3.38 Let A C H be small and let p, q € S,,(A). We say that p is almost orthogonal to q (p L* q)
ifdJJAbforalldIZpandblzq.

Definition 3.39 Let A C H and let p,q € S,,(A). We say that p is orthogonal to q (p L q) if pg L? qp for
all B D A, pp 2 p anon-forking extension, and ¢p 2 ¢ a non-forking extension.

Theorem 3.40 Let A C H be such that A = acl(A). Let p,q € S1(A), aE pandbE q, let a = Pa(a) + o
andb = Pa(b) + V', andleto, = {\ € 0. : Py(a') #0}, 0q ={\ € ge : P\(V') # 0}. Thenp L qif and only
ifp L* qifand only if o, N oy = 0.

Proof. Assume thatp 1 g. Thenp 1 q. LetaEpandbF ¢, andleta’ = a — Pa(a) and ' = b — P4 (b).
The type tp(a/A) is determined by P4 (a) and the norms of Py(a’) for A € o,. Assume, in order to get a con-
tradiction, that Py, (a’) # 0 and Py, (b") # 0 for some g € o.. Let a”,b” be such that tp(a’/A) = tp(a” /A),
tp(t//A) = tp(b”/A), and Py, (a”) is a multiple of Py, (b"”). Then

tp(Pa(a) +-a”/A) =tp(a/A) and tp(Pa(b) +b"/A) = tp(b/A),

but (P4(a) 4+ a”) &A(PA(b) + "), a contradiction to p L? g.

Conversely, assume that o), N0y = (). Let B D A and let pg D p, qg 2 q be non-forking extensions. Let ¢
and d be realizations of pp and ¢p, respectively. We may write ¢ = c¢g + ¢/, d = dg + d’, where ¢, dg are the
projections of ¢ and d over acl(B) = B. Then 0,,,, = 0, and 0,,, = 0,,. Then

<C/7 d/> = <Z>\60'p PA(C/)7 Zuegq P;L(d/» = Z)\Eo'p ZMEU(I <P>\(Cl)a Pu(d/» = 0.
/ i
Thus ¢ L d"andc | d. O

A generalization of the previous result appears in [6] when og, = () and A = ().
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